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Abstract
Based on the analysis on the Ocneanu/Groh-Raynaud ultraproducts and the Effros-
Mare´chal topology on the space vN(H) of von Neumann algebras acting on a separable
Hilbert space H , we show that for a von Neumann algebra M ∈ vN(H), the following
conditions are equivalent: (1) M has the Kirhcberg’s quotient weak expectation property
(QWEP). (2) M is in the closure of the set Finj of injective factors on H with respect to
the Effros-Mare´chal topology. (3) M admits an embedding i into the Ocneanu ultrapower
Rω
∞
of the injective III1 factor R∞ with a normal faithful conditional expectation ε : R
ω
∞
→
i(M). (4) For every ε > 0, n ∈ N and ξ1, · · · , ξn ∈ P
♮
M , there is k ∈ N and a1, · · · , an ∈
Mk(C)+, such that |〈ξi, ξj〉 − trk(aiaj)| < ε (1 ≤ i, j ≤ n) holds, where trk is the tracial
state on Mk(C), and P
♮
M is the natural cone in the standard form of M .
1 Introduction
In the seminal paper [Kir93], Kirchberg revealed the unexpected connection among tensor prod-
ucts of C∗-algebras, the weak expectation property (WEP) of Lance [La73], and the Connes’
embedding conjecture for type II1 factors. A C
∗-algebra A is said to have WEP, if for any faith-
ful representation A ⊂ B(H), there is a unital completely positive (ucp) map Φ: B(H) → A∗∗
such that Φ|A = idA. A C
∗-algebra A is said to have the quotient weak expectation property
(QWEP) if there is a surjective *-homomorphism from a C∗-algebra B with WEP onto A.
Among other interesting results, Kirchberg proved that the following conditions are equivalent:
(1) C∗(F∞)⊗min C
∗(F∞) = C
∗(F∞)⊗max C
∗(F∞).
(2) Every C∗-algebra has QWEP.
(3) Every II1 factor N with separable predual embeds into the tracial ultrapower R
ω (for
some fixed free ultrafilter ω on N) of the hyperfinite II1 factor R.
(2) is now called Kirchberg’s QWEP conjecture, and (3) is called the Connes’ embedding
conjecture, which was mentioned for the first time in [Con76]. See also the excellent survey
[Oz04] on the QWEP conjecture. Nowadays many interesting equivalent conditions of the above
conjectures are known. On the other hand, the QWEP conjecture also has another connection
to the topological properties of the space of von Neumann algebras. The Effros-Mare´chal
topology on the space vN(H) of von Neumann algebras acting on a fixed Hilbert space H is
the weakest topology on vN(H) for which the map
N 7→ ‖ϕ|N‖
is continuous for every ϕ ∈ B(H)∗. Based on the work of Effros [Eff65-1, Eff65-2] on the Borel
structure of vN(H), this topology was defined by Mare´chal in [Mar73] so that it generates the
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Effros Borel structure. Later it was intensively studied in [HW98, HW00], where the second and
third-named authors showed that this topology was indeed well-matched with Tomita-Takesaki
theory and could be used as a tool for the study of global properties of von Neumann algebras.
Among other things, it was proved [HW00, Theorem 5.8] that when H is separable, a II1 factor
N ∈ vN(H) is in the closure of the set Finj of injective factors on H , if and only if N embeds
into Rω. Consequently, Connes’ embedding conjecture (hence all conditions (1)-(3) above) is
equivalent to
(4) Finj is dense in vN(H).
In this paper, we establish further connection among ultraproducts, the approximation by
injective factors, and QWEP von Neumann algbebras. To this we make use of the recent work
of the first and the second-named authors on the ultraproducts of general von Neumann algebras
[AH12]. We also carry on the analysis of the natural cone in the standard form [Haa75]. The
main result of the paper is as follows. Let R∞ (resp. Rλ) denote the injective factor of type
III1 (resp. type IIIλ (0 < λ < 1)). We assume that H is separable and infinite-dimensional.
Theorem 1.1. Let 0 < λ < 1 and let M ∈ vN(H), and let P♮M be the natural cone in the
standard form of M . The following conditions are equivalent.
(1) M has QWEP.
(2) M ∈ Finj.
(3) There is an embedding i : M → Rω∞ and a normal faithful conditional expectation
ε : Rω∞ → i(M).
(4) There is an embedding i : M → Rωλ and a normal faithful conditional expectation ε : R
ω
λ →
i(M).
(5) There is {kn}
∞
n=1 ⊂ N and a normal faithful state ϕn on Mkn(C) (n ∈ N), an embedding
i : M → (Mkn(C), ϕn)
ω and a normal faithful conditional expectation ε : (Mkn(C), ϕn)
ω →
i(M).
(6) For every ε > 0, n ∈ N and ξ1, · · · , ξn ∈ P
♮
M , there exist k ∈ N and a1, · · · , an ∈Mk(C)+
such that
|〈ξi, ξj〉 − trk(aiaj)| < ε (1 ≤ i, j ≤ n).
Here, (Nn, ϕn)
ω denotes the Ocneanu ultraproduct of {Nn}
∞
n=1 with respect to the sequence
of normal faithful states {ϕn}
∞
n=1 (see §2), and the embedding is understood to be a unital
normal injective *-homomorphism.
The organization of the paper is as follows. In §2 we recall necessary backgrounds about
ultraproducts, Effros-Mare´chal topology. In §3, we prove the relation between embedding into
the Ocneanu ultraproduct and the limit in the Effros-Mare´chal topology. Using this, we prove
the equivalence of (1)-(5) in the above theorem. In §4, we prove the equivalence of (6) and (1)
in the above theorem.
2 Preliminaries
2.1 Notation
Throughout the paper, ω ∈ βN \N denotes a fixed free ultrafilter on N. H denotes a separable
Hilbert space and vN(H) the space of all von Neumann algebras acting on H (we assumed all
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von Neumann algebras contain 1 = idH). Let M be a von Neumann algebra, ϕ be a normal
state on M . As usual, we define two (semi-)norms ‖ · ‖ϕ, ‖ · ‖
♯
ϕ by
‖x‖ϕ := ϕ(x
∗x)
1
2 , ‖x‖♯ϕ := ϕ (x
∗x+ xx∗)
1
2 , x ∈M.
For a sequence (Mn)n of von Neumann algebras, ℓ
∞(N,Mn) is the C
∗-algebra of all norm-
bounded seuquences (xn)n ∈
∏
n∈NMn.
2.2 Natural cone P♮M
Recall the definition of the standard form.
Definition 2.1. Let (M,H, J,P♮M ) be a quadruple, where M is a von Neumann algebra, H is
a Hilbert space on which M acts, J is an antilinear isometry on H with J2 = 1, and P♮M ⊂ H
is a closed convex cone which is self-dual, i.e., P♮M = (P
♮
M )
0, where
(P♮M )
0 := {ξ ∈ H ; 〈ξ, η〉 ≥ 0, η ∈ P♮M}.
Then (M,H, J,P♮M ) is called a standard form if the following conditions are satisfied:
1. JMJ =M ′.
2. Jξ = ξ, ξ ∈ P♮M .
3. xJxJ(P♮M ) ⊂ P
♮
M , x ∈M .
4. JxJ = x∗, x ∈ Z(M).
We remark that condition 4. automatically follows from the other three conditions [AH12,
Lemma 3.19]. The existence and the uniqueness of the standard form was established in [Haa75].
P♮M is called the natural cone of M . It was independently introduced by Connes [Con72] and
Araki [Ara74], and if M is σ-finite with a normal faithful state ϕ, then on the GNS Hilbert
space H = L2(M,ϕ), P♮M is realized as
P♮M = {aJϕaJϕξϕ; a ∈M} =
{
∆
1
4
ϕaξϕ; a ∈M+
}
.
Here, ∆ϕ (resp. Jϕ) is the modular (resp. modular conjugation) operator of ϕ. P
♮
M induces a
partial order on H by
ξ ≤ η ⇔ ξ − η ∈ P♮M ,
and for any vector ξ ∈ Hsa := {η ∈ H ; Jη = η}, there exist unique vectors ξ+, ξ− ∈ P
♮
M such
that ξ = ξ+ − ξ− and ξ+ ⊥ ξ−. Moreover, H is linearly spanned by P
♮
M . This order structure
was intensively studied in [Con74, Ara74]. Among others, it holds that [Ara74] every positive
ϕ ∈ M∗ is represented as ϕ = ωξϕ = 〈 · ξϕ, ξϕ〉 by a unique vector ξϕ ∈ P
♮
M and we have the
Araki-Powers-Størmer inequality:
‖ξϕ − ξψ‖
2 ≤ ‖ϕ− ψ‖ ≤ ‖ξϕ − ξψ‖‖ξϕ + ξψ‖.
The readers are referred to the above papers for more detailed information on the natural cone.
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2.3 The Ocneanu and the Groh-Raynaud Ultraproduct
Let (Mn, ϕn)n be a sequence of pairs of σ-finite von Neumann algebras equipped with normal
faithful states. Let Iω := Lω ∩ L
∗
ω , where
Lω = Lω(Mn, ϕn) := {(xn)n ∈ ℓ
∞(N,Mn); ‖xn‖ϕn
n→ω
→ 0},
and letMω be the multiplier algebra of Iω. The Ocneanu ultraproduct (Mn, ϕn)
ω of (Mn, ϕn)n
is the quotient algebra Mω/Iω. For each n ∈ N, let Hn = L
2(Mn, ϕn) be the GNS Hilbert
space of (Mn, ϕn), and let Hω be the ultraproduct of (Hn)n. Define a *-representation
πω : ℓ
∞(N,Mn)→ B(Hω) by
πω((xn)n)(ξn)ω := (xnξn)ω , (xn)n ∈ ℓ
∞(N,Mn), (ξn)ω ∈ Hω.
The Groh-Raynaud ultraproduct
∏ωMn is the von Neumann algebra πω(ℓ∞(N,Mn))′′ acting
on Hω. Note that the definition of πω is slightly different from the one given in [AH12, §3]. Let
ξn ∈ Hn be the cyclic vector corresponding to ϕn, and let ξω = (ξn)ω ∈ Hω. Let p ∈
∏ω
Mn be
the support projection of the normal state 〈 · ξω , ξω〉 on
∏ω
Mn. Then by [AH12, Proposition
3.15], (Mn, ϕn)
ω ∼= p(
∏ω
Mn)p. For more details about ultraproducts, see [AH12].
2.4 Effros-Mare´chal Topology on vN(H)
As explained in the introduction, the Effros-Mare´chal topology is the weakest topology on
vN(H) which makes each functional vN(H) ∋ N 7→ ‖ϕ|N‖ continuous (ϕ ∈ B(H)∗). As H
is separable, this makes vN(H) a Polish space, and the the topology can be described by the
concepts of limsup and liminf of a sequence in vN(H) (these notions are refinements [HW98,
Remark 2.11] of s-liminf and w-limsup given in [Tuk85]). Since we only consider the case where
H is separable, we use the following simplified equivalent definitions (see [HW98, §2] for the
original definition).
Definition 2.2. Let (Mn)n ⊂ vN(H).
(1) lim inf
n→∞
Mn is the set of all x ∈ B(H) for which there exists (xn)n ∈ ℓ
∞(N,Mn) that
converges to x *-strongly.
(2) lim sup
n→∞
Mn is the von Neumann algebra generated by the set of all x ∈ B(H) for which
there exists (xn)n ∈ ℓ
∞(N,Mn) such that x is a weak-limit point of {xn}
∞
n=1.
It is proved in [HW98, Theorems 2.8, 3.5] that for a sequence {Mn}
∞
n=1 ⊂ vN(H) and
M ∈ vN(H),
lim
n→∞
Mn =M in vN(H)⇔ lim inf
n→∞
Mn =M = lim sup
n→∞
Mn,(
lim sup
n→∞
Mn
)′
= lim inf
n→∞
M ′n.
We will also make use of the ultralimit version of the above concepts.
Definition 2.3. Let (Mn)n ⊂ vN(H). We define
(1) lim inf
n→ω
Mn is the set of all x ∈ B(H) for which there exists (xn)n ∈ ℓ
∞(N,Mn) such that
x = so∗- lim
n→ω
xn.
(2) lim sup
n→ω
Mn is the von Neumann algebra generated by the set of all x ∈ B(H) for which
there exists (xn)n ∈ ℓ
∞(N,Mn) such that x = wo - lim
n→ω
xn.
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Again they are different from the original definitions. It also holds that [HW00, Lemma
5.2]
M = lim
n→ω
Mn in vN(H)⇔ lim inf
n→ω
Mn =M = lim sup
n→ω
Mn,(
lim sup
n→ω
Mn
)′
= lim inf
n→ω
M ′n.
Finally, we will consider the following subsets of vN(H) (see the introduction of [HW00] for
more details):
• F , the set of factors acting on H .
• FX , the set of factors of type X acting on H , where X runs among the standard num-
berings of the types of factors, such as II1 or IIIλ.
• Finj, the set of injective factors acting on H .
• F st, the set of factors acting standardly on H .
• SA(M) the set of von Neumann subalgebras of M ∈ vN(H).
For a fixed normal faithful state ϕ onM , we denote SAϕ(M) to be the set of those N ∈ SA(M)
satisfying σϕt (N) = N (t ∈ R) (see [HW98, §2]).
3 Embedding into the Ocneanu Ultraproducts and Effros-
Mare´chal Topology
In this section, we consider a separable infinite-dimensional Hilbert space H . An embedding is
understood to be a unital normal injective *-homomorphism of one von Neumann algebra into
another. The main technical part of this section deals with versions of the following statements
about von Neumann algebras M,N ∈ vN(H):
1. There is a sequence (ψn)n ⊂ Snf(M), an embedding of i : N → (M,ψn)
ω and a faithful
normal conditional expectation ε of (M,ψn)
ω onto i(N);
2. There is a separable Hilbert space K, a sequence of isomorphic copies Mn ∈ vN(K) ofM
and an isomorphic copy N0 ∈ vN(K) of N such that Mn → N0 in the Effros-Mare´chal
topology;
We prove that 1. is equivalent to 2. (Theorem 3.1 and Theorem 3.3) As an application we give
a new characterization of the closure of the set of injective factors in vN(H) (see [HW00, §4-5]
for more details).
3.1 Approximation Theorem and The Closure of Injective Factors.
We begin by the following
Theorem 3.1. Let N ∈ vN(H). Assume we are given a sequence (Mn) ⊂ vN(H) such that
Mn → N in vN(H). Fix χ ∈ Snf(B(H)), and let ψn := χ|Mn , ϕ := χ|N . Then there exists an
embedding i of N into (Mn, ψn)
ω such that ϕ = (ψn)
ω ◦ i, and a normal faithful conditional
expectation ε of (Mn, ψn)
ω onto i(N) such that (ψn)
ω ◦ ε = (ψn)
ω.
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Proof . Let x ∈ N . By [HW98, Theorem 2.8], N = lim infn→∞Mn and we may choose
(xn)n ∈ ℓ
∞(N,Mn) satisfying xn
so∗
−→ x. It is clear that (xn)n ∈ M
ω(Mn, ψn) because of
the joint continuity of operator product in strong*-topology on bounded sets, and also that
(xn)
ω is independent of the choice of the sequence (xn)n converging to x. Hence we may define
i : N → (Mn, ψn)
ω by i(x) = (xn)
ω , which is clearly an injective *-homomorphism, and as
(ψn)
ω ◦ i(x) = lim
n→ω
ψn(xn) = lim
n→ω
χ(xn) = ϕ(x),
we have (ψn)
ω ◦ i = ϕ. In particular, i is normal. Next, for y = (xn)
ω ∈ (Mn, ψn)
ω , let
x := wo− limn→ω xn. Then x ∈ lim supn→∞Mn = N by [HW98, Theorem 2.8]. We then define
ε(y) := i(x). Let x ∈ N and suppose i(x) = (xn)
ω for (xn)n ∈ ℓ
∞(N,Mn). Then as xn
so∗
→ x,
we have ε ◦ i(x) = ε((xn)
ω) = i(x), whence ε ◦ i = i. Therefore ε is a faithful conditional
expectation of (Mn, ψn)
ω onto i(N) Next, let (xn)
ω ∈ (Mn, ψn)
ω and let x = wo− limn→ω xn.
Suppose i(x) = (x′n)
ω, where (x′n)n ∈ ℓ
∞(N,Mn). Then
(ψn)
ω ◦ ε((xn)
ω) = (ψn)
ω ◦ i(x) = (ψn)
ω((x′n)
ω)
= lim
n→ω
ψn(x
′
n) = lim
n→ω
χ(x′n) = χ(x)
= lim
n→ω
χ(xn) = (ψn)
ω((xn)
ω),
whence (ψn)
ω ◦ ε = (ψn)
ω. Since (ψn)
ω is normal and faithful, ε is also normal.
Corollary 3.2. Let M,N ∈ vN(H), and assume (Mn) ⊂ vN(H) has Mn ∼= M(n ∈ N) and
Mn → N . Then there exists a sequence (ψn)n ⊂ Snf(M) and an embedding i of N into
(M,ψn)
ω, and a normal faithful conditional expectation of (M,ψn)
ω onto i(N).
Proof . Let ϕ ∈ Snf(N). Using [HW98, Lemma 5.6], we find χ ∈ Snf(B(H)) such that ϕ = χ|N .
Let ψ′n := χ|Mn ∈ Snf(Mn) for each n ∈ N. For each n ∈ N, take a *-isomorphism Φn : M →Mn
and let ψn := ψ
′
n ◦ Φn. Then Φ((xn)
ω) = (Φn(xn))
ω defines a *-isomorphism Φ: (M,ψn)
ω →
(Mn, ψ
′
n)
ω . By Theorem 3.1, there exists an embedding i′ : N → (Mn, ψ
′
n)
ω and a normal
faithful conditional expectation ε′ : (Mn, ψ
′
n)
ω → i′(N). Then i := Φ−1 ◦ i′ : N → (M,ψn)
ω
and ε := Φ−1 ◦ ε′ ◦ Φ: (M,ψn)
ω → i(N) are the required embedding and the normal faithful
conditional expectation.
We now prove a partial converse to Theorem 3.1, which is at the same time a generalization
of [HW00, Lemma 5.5] to the non-tracial case:
Theorem 3.3. Let {Mn}
∞
n=1 ⊂ vN
st(H) and N ∈ vNst(H). Let ψn ∈ Snf(Mn) (n ∈ N).
Assume that we are given an embedding i : N → (Mn, ψn)
ω and a normal faithful conditional
expectation ε : (Mn, ψn)
ω → i(N). Then there exists (un)n ⊂ U(H) and a strictly increasing
sequence {nk}
∞
k=1 ⊂ N such that unkMnku
∗
nk
→ N in vN(H).
Proof . For simplicity, we use notations M˜ = (Mn, ψn)
ω and ψ˜ = (ψn)
ω. Let ϕ˜ := ψ˜ ◦ ε ∈
Snf(M˜). Then by [AH12, Corollary 3.29], there exists ϕn ∈ Snf(Mn) (n ∈ N) such that
(Mn, ϕn)
ω = M˜ and ϕ˜ = (ϕn)
ω. Put ϕ := ϕ˜|i(N). Since each Mn acts standardly on H , there
exists a cyclic and separating vector ξn ∈ H for Mn such that ϕn(x) = 〈xξn, ξn〉 (x ∈ Mn) for
n ∈ N. Let ξ˜ := (ξn)ω ∈ Hω. Define as in [AH12, Theorem 3.7] an isometry w : L
2(M˜, ψ˜)→ Hω
given as the unique extension of (xn)
ωξϕ˜ 7→ (xnξn)ω ((xn)
ω ∈ M˜). Put K := w(L2(M˜, ϕ˜)). Let
Jn : H → H be the modular conjugation associated with the standard representation of Mn on
H . Let Jω := (Jn)ω : Hω → Hω. Then by [AH12, Theorems 3.7 and 3.19], Jω is the modular
conjugation associated with the standard representation of
∏ω
Mn onHω, and Jω|K = wJM˜w
∗.
Here, J
M˜
is the modular conjugation associated with the standard representation of M˜ on
L2(M˜, ϕ˜). Since ε(M˜) = i(N) and ϕ = ϕ˜|i(N), ϕ˜ = ϕ ◦ ε holds. Thus we may regard
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L2(i(N), ϕ) as a closed subspace of L2(M˜, ϕ˜) (thus ξϕ = ξϕ˜). In this case by the argument in
[Tak72] Ji(N) = JM˜ |L2(i(N),ϕ) holds, where Ji(N) is the modular conjugation associated with the
natural representatin πϕ of N on L
2(i(N), ϕ) given by πϕ(x)i(y)ξϕ = i(xy)ξϕ (x, y ∈ N). Put
L := w(L2(i(N), ϕ)) ⊂ K ⊂ Hω and w0 := w|L2(i(N),ϕ). Let PL (resp. PK) be the projection
of Hω onto L (resp. K), and let eL be the projection of K onto L. Let e be the projection of
L2(M˜, ϕ˜) onto L2(i(N), ϕ).
L2(M˜, ϕ˜)
e∪

w // K
eL∪

Hω
PK
⊂
oo
PL
⑧
⑧
⑧
⑧
⑧
⑧
⑧
⑧
L2(i(N), ϕ)
w0 // L
Since N∗ is separable, L is a separable subspace of Hω. So by [HW00, Lemma 5.1], there exist
unitaries vn ∈ U(L,H) (n ∈ N) such that ξ = (vnξ)ω holds for every ξ ∈ L. Recall that to
construct the Groh-Raynaud ultraproduct
∏ωMn, we used πω : ℓ∞(N,Mn)→ B(Hω) given by
πω((xn)n)(ξn)ω = (xnξn)ω for (xn)n ∈ ℓ
∞(N,Mn) and (ξn)ω ∈ Hω. Define an analogous map
πˆω : ℓ
∞(N,M ′n)→ B(Hω).
Claim 1. Let (xn)n ∈ ℓ
∞(N,Mn) and (x
′
n)n ∈ ℓ
∞(N,M ′n). Then as elements of B(L), the
following holds.
wo - lim
n→ω
v∗nxnvn = PLπω((xn)n)PL, (1)
wo - lim
n→ω
v∗nx
′
nvn = PLπˆω((x
′
n)n)PL. (2)
Let y := wo - lim
n→ω
v∗nxnvn. Clearly v
∗
nxnvn ∈ PLB(Hω)PL, and for ξ, η ∈ L, we have
〈yξ, η〉 = lim
n→ω
〈xnvnξ, vnη〉
= 〈πω((xn)n)(vnξ)ω , (vnη)ω〉
= 〈πω((xn)n)ξ, η〉,
whence (1) holds. (2) can be proved similarly.
Claim 2. The following holds (as elements in B(L)):
PLπω(ℓ
∞(N,Mn))PL ⊂ πL(N), (3)
PLπˆω(ℓ
∞(N,M ′n))PL ⊂ πL(N)
′, (4)
where πL is the natural standard action of N on L unitarily equivalent to πϕ, i.e., πL(x) =
w0πϕ(x)w
∗
0 (x ∈ N). By [AH12, Theorem 3.7, Corollary 3.28], PK = ww
∗, w∗(
∏ω
Mn)w = M˜
and ρ : M˜ ∋ πϕ˜(x) 7→ wxw
∗ ∈ PK(
∏ω
Mn)PK is a *-isomorphism. Note that by the existence
of ε : M˜ → i(N), e satisfies eπϕ˜((xn)
ω)e = πϕ(ε((xn)
ω))e = eπϕ(ε((xn)
ω)) for (xn)
ω ∈ M˜ . Now
let (xn)n ∈ ℓ
∞(N,Mn). Then by [AH12, Corollary 3.16], there exists (an)n ∈ M
ω(Mn, ϕn),
(bn)n ∈ Lω(Mn, ϕn) and (cn)n ∈ Lω(Mn, ϕn)
∗ such that xn = an + bn + cn (n ∈ N), and
moreover by (the proof of) [AH12, Theorem 3.7, Corollary 3.28], the following equalities hold:
PKπω((xn)n)PK = PK(πω((an)n)PK = wπϕ˜((an)
ω)w∗.
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Then as PL = eLPK , it holds that for ξ ∈ L,
PLπω((xn)n)PLξ = eLPKπω((xn)n)PKeLPKξ
= eLwπϕ˜((an)
ω)w∗eLξ
= w0eπϕ˜((an)
ω)ew∗0ξ
= w0πϕ(ε((an)
ω))w∗0ξ
= πL(i
−1 ◦ ε((an)
ω))ξ,
so PLπω((xn)n)PL = πL(i
−1 ◦ ε((an)
ω)) ∈ πL(N) and (3) is proved. For (4), let (x
′
n)n ∈
ℓ∞(N,Mn). Then x
′
n = JnxnJn, xn := Jnx
′
nJn ∈ Mn (n ∈ N), and πˆω((x
′
n)n) =
Jωπω((xn)n)Jω . Since PK = pJωpJω [AH12, Corollary 3.28 (i)], where p = supp((ϕn)ω) ∈∏ω
Mn, PKJω = JωPK holds. Choose (an)n ∈ M
ω(Mn, ϕn) for (xn)n as above so that
wπϕ˜((an)
ω)w∗ = PKπω((xn)n)PK holds. Thus, it holds that (as elements in B(L))
PLπˆω((x
′
n))PL = eLPKJωπω((xn)n)JωPKeL
= eLJωPKπω((xn)n)PKJωeL
= JLeLwπϕ˜((an)
ω)w∗eLJL
= JLπL(i
−1 ◦ ε((an)
ω))JL ∈ πL(N)
′,
and (4) is proved.
Claim 3. lim
n→ω
v∗nMnvn = πL(N).
To show the claim, by [HW00, Lemma 5.2], it suffices to show the following:
lim sup
n→ω
v∗nMnvn ⊂ πL(N), (5)
lim sup
n→ω
v∗nM
′
nvn ⊂ πL(N)
′. (6)
To prove (5) and (6), it is enough to show that for every (xn)n ∈ ℓ
∞(N,Mn) and (x
′
n)n ∈
ℓ∞(N,M ′n),
wo - lim
n→ω
v∗nxnvn ∈ πL(N), (7)
wo - lim
n→ω
v∗nx
′
nvn ∈ πL(N)
′. (8)
But they are the consequences of Claim 1 and Claim 2.
Finally, as the representation πL is standard and N ∈ vN
st(H), there exists u ∈ U(L,H)
such that uπL(x)u
∗ = x (x ∈ N). Then by Claim 3, we have unMu
∗
n → N (n→ ω) in vN(H),
where un = uv
∗
n ∈ U(H). From this and the fact that vN(H) is a separable metrizable space,
we may find a subsequence {nk}
∞
k=1 so that unkMu
∗
nk
→ N (k →∞) in vN(H).
In [HW00, Theorem 5.8], the second and the third-named authors proved that a type II1
factor is in Finj (the closure of injective factors) if and only if it embeds into R
ω, where R is the
injective II1 factor. Let R∞ (resp. Rλ) denote the injective factor of type III1 (resp. type IIIλ
(0 < λ < 1)). As an application of the theorems above, we get the following result for general
von Neumann algebras:
Theorem 3.4. Let N ∈ vN(H) and let 0 < λ < 1. Then the following conditions are equivalent:
(i) N ∈ Finj.
(ii) There is an embedding i : N → Rω∞ and a normal faithful conditional expectation
ε : Rω∞ → i(N).
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(iii) There is an embedding i : N → Rωλ and a normal faithful conditional expectation
ε : Rωλ → i(N).
(iv) There is {kn}
∞
n=1 ⊂ N, a sequence ϕn ∈ Snf(Mkn(C)) such that N admits
an embedding i : N → (Mkn(C), ϕn)
ω and a normal faithful conditional expectation
ε : (Mkn(C), ϕn)
ω → i(N).
Proof . (i)⇒(ii): By [HW00, Theorem 2.10 (ii)], FIII1∩Finj is dense in Finj. Therefore condition
(i) implies that there exists a sequence (Mn)n of injective type III1 factors onH such thatMn →
N . Then as Mn ∼= R∞ (n ∈ N), by Corollary 3.2, there exists a sequence (ψn)n ⊂ Snf(R∞)
such that there exists an embedding i : N → (R∞, ψn)
ω and a normal faithful conditional
expectation ε : (R∞, ψn)
ω → i(N). By [AH12, Theorem 6.11], we have (R∞, ψn)
ω ∼= Rω∞.
Therefore (ii) holds. (ii)⇒(i): Let K1,K2 be separable infinite-dimensional Hilbert spaces such
that N˜ := N⊗B(K1)⊗C1K2 acts standardly on H ⊗ K, K := K1 ⊗ K2. Then we obtain an
embedding i′ = i⊗ id⊗ id : N˜ → Qω, Q := R∞⊗B(K1)⊗C1K2 and a normal faithful conditional
expectation ε′ = ε⊗ id⊗ id : Qω → i′(N˜). Here we used the fact that Qω ∼= Rω∞⊗B(K1)⊗C1K2
(cf. [MaTo12, Lemma 2.8]). Since Q, N˜ ∈ vNst(H ⊗ K) (note that Q is a type III factor),
by Theorem 3.3, there exist (wn)n ⊂ U(H ⊗ K) such that w
∗
nQwn → N˜ in vN(H ⊗ K). In
particular, as Q ∼= R∞, N˜ ∈ Finj holds. Choose v0 ∈ U(H ⊗K,H). Then by [HW00, Lemma
2.4], there exist (un)n ⊂ U(H⊗K) such that v0u
∗
nN˜unv
∗
0 → N in vN(H). As v0u
∗
nN˜unv
∗
0 ∈ Finj,
this shows that N ∈ Finj holds.
(i)⇔(iii) holds similarly, again using [HW00, Corollary 2.11] that FIIIλ ∩ Finj is dense in Finj.
(i)⇒(iv): Assume N ∈ Finj. Again by (the proof of) [HW00, Corollary 2.11], the set FIfin of
finite type I factors is dense in Finj. Therefore there is {kn}
∞
n=1 ⊂ N and Nn ∈ vN(H) with
Nn ∼= Mkn(C) (n ∈ N) such that Nn → N in vN(H). Then by Theorem 3.1, there is ϕn ∈
Snf(Mkn(C)) (n ∈ N), an embedding i : N → (Mkn(C), ϕn)
ω , and a normal faithful conditional
expectation ε : (Mkn(C), ϕn)
ω → i(N). (iv)⇒(ii): Assume (iv). Choose ψ ∈ Snf(R∞). Then
for each n ∈ N, we haven an embedding in : Mkn(C) → R∞ ⊗Mkn(C) given by x 7→ 1 ⊗ x
and a normal faithful conditional expectation εn : R∞ ⊗Mkn(C) → Mkn(C) given by the left
slice-map of ψ (x⊗ y 7→ ψ(x)y). Since R∞⊗Mkn(C)
∼= R∞ we may regard in : Mkn(C)→ R∞
and εn : R∞ → Mkn(C). Let ϕ˜n := ϕn ◦ εn. Then by taking the ultraproducts, we have an
embedding iω := (in)
ω : (Mkn(C), ϕn)
ω → (R∞, ϕ˜n)
ω ∼= Rω∞ (cf. [AH12, Theorem 6.11]) and a
normal faithful conditional expectation εω : Rω∞ → i
ω((Mkn(C), ϕn)
ω). Therefore iω ◦ i : N →
Rω∞ and ε ◦ ε
ω : Rω∞ → i
ω ◦ i(N) works.
Remark 3.5. Nou [Nou06] has shown that q-deformed Araki-Woods algebras (in the sense of
Hiai [Hiai03], see also [Shl97]) have QWEP, whence by the above theorem they are embeddable
into Rω∞ within the range of normal faithful conditional expectations.
Fraha-Hart-Sherman [FHS11] proved, using model theory, that there exists a II1 factor
M with separable predual such that every N ∈ FII1 is embeddable into M
ω. We show the
analogous result for a type III1 factor using the Effros-Mare´chal topology instead.
Corollary 3.6. There exists a type III1 factor M with separable predual such that for every
N ∈ vN(H), there is an embedding i : N → Mω and a normal faithful conditional expectation
ε : Mω → i(N).
Proof . Let {Mn}
∞
n=1 be a sequence of type III1 factors on H which is dense in vN(H)(see
[HW00, Theorem 2.10 (i)]). Choose ϕn ∈ Snf(Mn) for each n ∈ N. DefineM :=
⊗
n∈N(Mn, ϕn).
Then for every N ∈ vN(H), there exists a sequence {nk}
∞
k=1 such that Mnk → N (k → ∞).
Then by Theorem 3.1, there is ψn ∈ Snf(Mn), an embedding i
′ : N → (Mnk , ψnk)
ω and a
normal faithful conditional expectation ε′ : (Mnk , ψnk)
ω → i′(N). But since each Mn is a type
III1 factor, (Mnk , ψnk)
ω ∼= (Mnk , ϕnk)
ω holds by Connes-Størmer transitivity [CS]. There exist
an embedding jk : Mnk → M (into nk-th tensor component of M) such that ϕ ◦ jk = ϕnk ,
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where ϕ =
⊗
n∈N ϕn and a normal faithful conditional expectation εk : M → Mnk . Therefore
there is an embedding j : (Mnk , ϕnk)
ω → (M,ϕ)ω ∼= Mω and a normal faithful conditional
expectation ε : Mω → j((Mnk , ϕnk)
ω) given by the ultraproduct of {jk}
∞
k=1 and {εk}
∞
k=1. Then
i = j ◦ i′ : N →Mω and ε′ ◦ ε : Mω → i(N) works.
Raynaud showed [Ray02, Proposition 1.14] that
∏U
B(H) is not semifinite where H is
infinite-dimensional and U is a free ultrafilter on the set I of all pairs (E, ε) where E is a finite-
dimensional subspace of B(H)∗ and ε > 0 partially ordered by (E1, ε1) ≤ (E2, ε2) ⇔ ε1 ≥ ε2
and E1 ⊂ E2. The proof is based on [Ray02, Lemma 1.12, Lemma 1.13] that B(H)
∗∗ is not
semifinite, and (by local reflexivity) there is an embedding i : B(H)∗∗ →
∏U
B(H) and a normal
faithful conditional expectation ε :
∏U
B(H) → i(B(H)∗∗). Therefore the large index set was
required in his argument. We show that the same conclusion holds when I is replaced by N
using Effros-Mare´chal topology.
Corollary 3.7.
∏ω
B(H) is not semifinite.
Proof . LetM ∈ vN(H) be an injective type III factor. Then by the proof of [HW00, Corollary
2.11], it is in the closure of the set FI∞ of type I∞ factors on H . Then by Theorem 3.1, there is
a sequence {ϕn}
∞
n=1 ⊂ Snf(B(H)), an embedding i : M → (B(H), ϕn)
ω, and a normal faithful
conditional expectation ε : (B(H), ϕn)
ω → i(M). In particular, (B(H), ϕn)
ω is not semifinite by
[Tom58, Theorem 3]. Then by [AH12, Proposition 3.15],
∏ω
B(H) has a non-semifinite corner
p(
∏ω
B(H))p ∼= (B(H), ϕn)
ω , p = supp((ϕn)ω).
4 Characterizations of QWEP von Neumann Algebras
In this last section, we establish two characterizations of von Neumann algebras with QWEP.
Recall first the definition of QWEP.
Definition 4.1. Let A be a C∗-algebra.
(1) A is said to have the weak expectation property (WEP for short), if for any faithful
representation A ⊂ B(H), there exists a unital completely positive (u.c.p. for short) map
Φ: B(H)→ A∗∗ such that Φ(a) = a for all a ∈ A.
(2) A is said to have the quotient weak expectation property (QWEP for short), if there
exists a surjective *-homomorphism from a C∗-algebra B with WEP onto A.
Next theorem characterizes QWEP von Neumann algebras in terms of Effros-Mare´chal
topology.
Theorem 4.2. Let H be a separable Hilbert space, and let M ∈ vN(H). The following condi-
tions are equivalent.
(1) M ∈ Finj.
(2) M has QWEP.
Although it is not strightforward to prove that the Ocneanu ultraproduct of QWEP von
Neumann algebras has QWEP by the definition, it is easy to do so by passing to the Groh-
Raynaud ultraproduct.
Lemma 4.3. Let {(Mn, ϕn)}
∞
n=1 be a sequence of σ-finite von Neumann algebras with faithful
normal states. Assume that Mn has QWEP for each n ∈ N. Then (Mn, ϕn)
ω has QWEP.
Proof . Since (Mn, ϕn)
ω ∼= p(
∏ωMn)p, p = supp((ϕn)ω), it suffices to show that ∏ωMn has
QWEP. Since each Mn has QWEP, by [Kir93, Corollary 3.3 (i)], ℓ
∞(N,Mn) has QWEP, so
does its quotient (Mn)ω. Therefore ((Mn)ω)
∗∗ has QWEP too [Kir93, Corollary 3.3 (v)]. Since∏ω
Mn = πω(ℓ
∞(N,Mn))
′′ is a corner of ((Mn)ω)
∗∗, it has QWEP.
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Proof of Theorem 4.2. (1)⇒(2): Assume that M ∈ Finj. By Theorem 3.4, there is an embed-
ding i : M → Rω∞ with a normal faithful conditional expectation ε : R
ω
∞ → i(M). By Lemma
4.3, Rω∞ has QWEP, whenceM has QWEP. (2)⇒(1): LetM ∈ vN(H) with QWEP. We reduce
the problem to the case where von Neumann algebras involved are of finite type using the
reduction method from [HJX10]. Consider G = Z[ 12 ] = {
m
2n ;m ∈ Z, n ∈ N} as a countable dis-
crete subgroup of R, and fix ϕ ∈ Snf(M). Conside the dual state ϕ̂ on N : =M ⋊σϕ G. There
is a canonical embedding π : M → N , and as G is countable discrete, there is a normal faithful
conditional expectation ε : N → π(M). By [HJX10, Theorem 2.1], there exists an increasing
sequence {Nn}
∞
n=1 of finite von Neumann subalgebras of N with σso*-dense union, together
with a unique normal faithful conditional expectation εn : N → Nn (n ∈ N) such that
ϕ̂ ◦ εn = ϕ̂, σ
ϕ̂
t ◦ εn = εn ◦ σ
ϕ̂
t , (t ∈ R).
Moreover, it holds that (by [HJX10, Lemma 2.7])
σso*- lim
n→∞
εn(x) = x, x ∈ N. (9)
Let θ be the dual action of σϕ|G on N . Then by Takesaki duality, N is isomorphic to the
fixed point subalgebra of the QWEP algebra N ⋊θ Ĝ ∼= M⊗B(ℓ
2(G)) by the dual action of
θ. Since
̂̂
G = G is amenable, there is a conditional expectation of N ⋊θ Ĝ onto N , so N has
QWEP as well. Again by the existence of εn, each Nn has QWEP too. Since Nn is of finite
type, by [Kir93, Theorem 4.1], there is an embedding in : Nn → R
ω (and a normal faithful
conditional expectation ε0n : R
ω → in(Nn), which automatically exists). Note also that there is
an embedding i of R into R⊗R∞ ∼= R∞ and there is a normal faithful conditional expectation
ε : R⊗R∞ → R given by a right-slice map by some ϕ ∈ Snf(R∞). Let τ be the unique tracial
state on R, and let ψ := τ ◦ ε. Then for any (xn)n ∈ ℓ
∞(N, R), (i(xn))n is in M
ω(R∞)
(because i(xn) ∈ (R∞)ψ), whence we have an embedding i
ω : Rω → Rω∞, (xn)
ω 7→ (i(xn))
ω ,
and a normal faithful conditional expectation εω : Rω∞ → R∞ given by (xn)
ω 7→ (ε(xn))
ω .
Therefore there is an embedding i′n = i
ω ◦ in : Nn → R
ω
∞ and a normal faithful conditional
expectation ε′n = i
ω ◦ ε0n ◦ (i
ω)−1 ◦ εω : Rω∞ → i
′
n(Nn). Then by Theorem 3.4, Nn ∈ Finj
holds. Now, as each Nn is in SAϕ̂(N) and εn is the σ
ϕ̂-preserving conditional expectation, the
argument before [HW98, Corollary 2.12] gives Nn → N in vN(H). This shows that N ∈ Finj.
Then by Theorem 3.4, there is an embedding j : N → Rω∞ with a normal faithful conditional
expectation ε′ : Rω∞ → j(N). Therefore we obtain an embedding i : M
π
→ N
j
→ Rω∞ together
with a normal faithful conditional expectation Rω∞
ε′
→ j(N)
j◦ε◦j−1
→ i(M). Again by Theorem
3.4, M ∈ Finj holds.
Remark 4.4. Although QWEP conjecture has not been settled, we remark that if there is
at least one M ∈ vN(H) without QWEP, then the set vN(H)¬QWEP of those M ∈ vN(H)
without QWEP, is an open and dense subset of vN(H). Indeed, by Theorem 4.2, vN(H)¬QWEP
is an open set. Suppose there is one M ∈ vN(H) without QWEP, and let N ∈ vN(H). Then
by choosing v0 ∈ U(H ⊗ H,H), [HW00, Lemma 2.4], there is (un)n ∈ U(H ⊗ H) such that
v0u
∗
n(N⊗M)unv
∗
0 → N in vN(H). Since v0u
∗
n(N⊗M)unv
∗
0 fails QWEP for each n ∈ N, N is
in the closure of vN(H)¬QWEP.
Theorem 4.5. Let M be a von Neumann algebra with separable predual, and let P♮M be the
natural cone in the standard form of M . The following conditions are equivalent.
(1) M has QWEP.
(2) For any n ∈ N, ξ1, · · · , ξn ∈ P
♮
M , and ε > 0, there exists k ∈ N and a1, · · · , an ∈Mk(C)+
such that
|〈ξi, ξj〉 − trk(aiaj)| < ε (i, j = 1, · · · , n).
Here, trk is the normalized trace on Mk(C).
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Note that if M is a II1 factor, then P
♮
M =M+ξτ . Therefore in this case, the above theorem
is analogous to the following Kirchberg’s result [Kir93, Proposition 4.6] when unitaries in his
results are replaced by positive elements.
Theorem 4.6 (Kirchberg). Let M be a finite von Neumann algebra with separable predual with
a normal faithful tracial state τM . Then the following conditions are equivalent:
(1) There exists an embedding i : M → Rω with τω(i(a)) = τM (a) (a ∈M).
(2) For every ε > 0, n ∈ N and u1, · · · , un ∈ U(M), there is k ∈ N and v1, · · · , vn ∈
U(Mk(C)) such that
|τM (u
∗
i uj)− trk(v
∗
i vj)| < ε, |τM (ui)− trk(vi)| < ε
for i, j = 1, · · · , n.
The next lemma plays the key role in the proof of Theorem 4.5
Lemma 4.7. Let (M,HM , JM ,P
♮
M ), (N,HN , JN ,P
♮
N) be standard forms. Assume that M has
QWEP, N is σ-finite and there is an linear isometry ρ : HN → HM satisfying ρ(P
♮
N ) ⊂ P
♮
M .
Then N has QWEP.
To prove the lemma, we use following classical results on the natural cone.
Lemma 4.8 (Araki). Let (M,H, J,P♮M ) be a standard form with M σ-finite. Let ϕ ∈ Snf(M)
with ϕ = ωξϕ , ξϕ ∈ P
♮
M . Then Φ: Msa ∋ a 7→ ∆
1
4
ϕaξϕ ∈ Hsa induces an order isomorphism
between {a ∈Msa; −α1 ≤ a ≤ α1} and {ξ ∈ Hsa;−αξϕ ≤ ξ ≤ αξϕ} for each α > 0.
Proof . For a ∈M , it is easy to see that
a ∈M+ ⇔ ∆
1
4
ϕaξϕ ∈ P
♮
M .
This implies that Φ is an order isomorphism from Msa onto Φ(Msa). By [Ara74, Theorem 3.8
(8)], Φ maps {x ∈ M ; 0 ≤ x ≤ α1} onto {η ∈ P♮M ; 0 ≤ η ≤ αξϕ}. From this the claim easily
follows.
Lemma 4.9. Let (M,H, J,P♮M ) be a standard form. For each ξ ∈ P
♮
M , denote by e(ξ) the
support projection of ωξ. Let q := e(ξ)Je(ξ)J . Then the following holds.
(1) (Araki) ξ ⊥ η ⇔ e(ξ) ⊥ e(η).
(2) For ξ, η ∈ P♮M , e(ξ) ≤ e(η) if and only if η ⊥ ζ ⇒ ξ ⊥ ζ holds for every ζ ∈ P
♮
M .
(3) q(P♮M ) = ({ξ}
⊥ ∩ P♮M )
⊥ ∩ P♮M .
Proof . (1) (⇒) is [Ara74, Theorem 4, (7)], while (⇐) is clear. (2) and (3) have been known.
We include a proof from second named author’s master thesis for reader’s convenience.
(2) (⇒) follows from (1). (⇐) Let {ξi}i∈I be a family of elements in P
♮
M such that {e(ξi)}i∈I are
pairwise orthogonal and
∑
i∈I e(ξi) = 1− e(η) (it can be proved that every σ-finite projection
p ∈ M is of the form p = e(η) for some η ∈ P♮M ). Hence ξi ⊥ η, which implies that ξi ⊥ ξ for
all i ∈ I. By (1), e(ξi) ⊥ e(ξ) (i ∈ I) holds. Therefore
e(ξ) ≤ 1−
∑
i∈I
e(ξi) = e(η).
(3) By (2), it holds that for η ∈ P♮M ,
e(η) ≤ e(ξ)⇔ ∀ζ ∈ P♮M (ζ ⊥ ξ ⇒ ζ ⊥ η)
⇔ η ∈ ({ξ}⊥ ∩ P♮M )
⊥ ∩ P♮M .
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If e(η) ≤ e(ξ), then e(ξ)η = η, so qη = Je(ξ)Je(ξ)η = Je(ξ)η = Jη = η. Thus, η = q(η) ∈
q(P♮M ). On the other hand, if η ∈ q(P
♮
M ), then clearly e(η) ≤ e(ξ) holds. This shows that
q(P♮M ) = ({ξ}
⊥ ∩ P♮M )
⊥ ∩ P♮M .
The next result is [Oz04, Corollary 5.3].
Lemma 4.10 ([Kir93, Oz04]). Let M be a von Neumann algebra, and if there is a C∗-algebra
A with QWEP and a contractive linear map ϕ : A → M such that ϕ(Ball(A)) is ultraweakly
dense in Ball(M), then M has QWEP. Here, Ball(B) is the closed unit ball of a C∗-algebra
B.
Proof of Lemma 4.7. Put e : = ρρ∗ ∈ B(HM ).
Claim 1. ρ(P♮N ) = e(P
♮
M ) = P
♮
M ∩ e(HM ), and ρJN = JMρ.
First, ρ(P♮N ) = ρρ
∗ρ(P♮N ) ⊂ e(P
♮
M ) holds. To prove e(P
♮
M ) ⊂ ρ(P
♮
N), we show ρ
∗(P♮M ) ⊂ P
♮
N .
Let ξ ∈ P♮M . Then for each η ∈ P
♮
N , we have 〈ρ
∗(ξ), η〉 = 〈ξ, ρ(η)〉 ≥ 0, because
ρ(η) ∈ P♮M , whence ρ
∗(ξ) ∈ (P♮N )
0 = P♮N and ρ
∗(P♮M ) ⊂ P
♮
N holds. Therefore for ξ ∈ P
♮
M ,
eξ = ρ(ρ∗ξ) ∈ ρP♮N . This proves ρ(P
♮
N ) = eP
♮
M . Note that this also shows that e(P
♮
M ) ⊂ P
♮
M .
Therefore e(P♮M ) = P
♮
M ∩ e(HM ) holds too. To see that last equality, recall that any ξ ∈ HN
can be written as ξ = (ξ1 − ξ2) + i(ξ3 − ξ4), where ξj ∈ P
♮
N and JNξj = ξj (1 ≤ j ≤ 4). From
this it holds that
ρJNξ = ρ {(ξ1 − ξ2)− i(ξ3 − ξ4)} = JM {(ρξ1 − ρξ2) + i(ρξ3 − ρξ4)}
= JMρξ.
Now fix ψ ∈ Snf(N). Then ψ = ωξψ , ξψ ∈ P
♮
N . Let ϕ := ωη, η := ρ(ξψ) ∈ P
♮
M , and
p := supp(ϕ) ∈M.
Claim 2. q := pJMpJM ≥ e.
Since HM is spanned by P
♮
M , it suffices to show that q(P
♮
M ) ⊃ e(P
♮
M ) = ρ(P
♮
N ). Let ξ ∈ P
♮
N .
Let ζ ∈ {ρ(ξψ)}
⊥ ∩ P♮M . Then 0 = 〈ζ, ρ(ξψ)〉 = 〈ρ
∗(ζ), ξψ〉. Since ψ = ωξψ is faithful, by
Lemma 4.9 (2), ζ′ ⊥ ξψ ⇒ ζ
′ ⊥ ξ holds for every ζ′ ∈ P♮N . Therefore ρ
∗(ζ) ⊥ ξ ⇔ ζ ⊥ ρ(ξ)
holds. This implies, by Lemma 4.9 (3), that
ρ(ξ) ∈ ({ρ(ξψ)}
⊥ ∩ P♮M )
⊥ ∩ P♮M = q(P
♮
M ).
Therefore e(P♮M ) = ρ(P
♮
N ) ⊂ q(P
♮
M ), and e ≤ q holds.
Since M has QWEP, so does qMq. Therefore we may replace (M,HM , JM ,P
♮
M ) by
(qMq, qHM , JM |qHM , q(P
♮
M )) and assume that q = 1, and ϕ is faithful on M with ξϕ = ρ(ξψ) ∈
P♮M . In this case we may identify P
♮
M = ∆
1
4
ϕM+ξϕ, P
♮
N = ∆
1
4
ψN+ξψ.
Claim 3. There are unital positive maps i : N → M, ε : M → N such that the following
diagram commutes.
N+
β

i // M+
α

ε // N+
β

P♮N ρ
// P♮M ρ∗
// P♮N
where α : M+ ∋ x 7→ ∆
1
4
ϕxξϕ ∈ P
♮
M , β : N+ ∋ y 7→ ∆
1
4
ψyξψ ∈ P
♮
N . To construct i, let y ∈ Nsa.
Then as −‖y‖1 ≤ y ≤ ‖y‖1 in N , Lemma 4.8 asserts that −‖y‖ξψ ≤ ∆
1
4
ψyξψ ≤ ‖y‖ξψ in
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HN,sa = {ξ ∈ HN ; JNξ = ξ}. Therefore as ρ preserves the order, −ρ(‖y‖ξψ) = −‖y‖ξϕ ≤
ρ(∆
1
4
ψyξψ) ≤ ‖y‖ξϕ in HM,sa. Again by Lemma 4.8 applied to HM,sa, there exists unique
θ(y) ∈Msa with −‖y‖1 ≤ θ(y) ≤ ‖y‖1 in M , such that
ρ(∆
1
4
ψyξψ) = ∆
1
4
ϕθ(y)ξϕ. (10)
Then by the form of (10), the linearity of ρ asserts that θ : Nsa →Msa is a real linear map. It
is also clear by the construction that θ(N+) ⊂M+ and θ(1) = 1. Therefore θ can be extended
to a complex linear unital positive map i : N →M by
i(y) := θ(y1) + iθ(y2), y = y1 + iy2, y1, y2 ∈ Nsa.
Similarly, we define a unital positive map ε : M → N by
ε(x) := π(x1) + iπ(x2), x = x1 + ix2, x1, x2 ∈Msa
where for x ∈Msa, π(x) ∈ Nsa is the unique element satisfying
ρ∗(∆
1
4
ϕxξϕ) = ∆
1
4
ψπ(x)ξψ .
Note that since ρ∗(P♮M ) ⊂ P
♮
N , π(x) is well-defined by Lemma 4.8. By construction, the above
diagram commutes. Finally, let y ∈ N+. Then by construction, ρ(∆
1
4
ψyξψ) = ∆
1
4
ϕi(y)ξϕ holds.
Then we apply ρ∗ to obtain ∆
1
4
ψyξψ = ρ
∗(∆
1
4
ϕ i(y)ξϕ). Therefore by the construction of ε,
ε ◦ i(y) = y holds. Therefore by linearity, ε ◦ i = idN . In particular, ε maps the closed unit
ball ofM onto the closed unit ball of N . Since ε is positive hence contractive, and since M has
QWEP, N also has QWEP by Lemma 4.10.
Proof of Theorem 4.5. (1)⇒(2) Assume that M has QWEP. then by Theorem 4.2, M ∈ Finj
holds. By Theorem 3.4 (i)⇔(iv), there exist {kn}
∞
n=1 ⊂ N, a sequence ϕn ∈ Snf(Mkn(C))
such that M admits an embedding i : M → (Mkn(C), ϕn)
ω and a normal faithful condi-
tional expectation ε : (Mkn(C), ϕn)
ω → i(M). Let (Mkn(C),Kn, Jn,P
♮
n) be the standard form
constructed from the GNS representation of ϕn for each n ∈ N. Then by [AH12, Theo-
rem 3.18], (
∏ω
Mkn(C),Kω, Jω,P
♮
ω) is a standard form, where (Kω, Jω,P
♮
ω) is the ultraprod-
uct of (Kn, Jn,P
♮
n)n (see [AH12, Theorem 3.18]). Let p = supp((ϕn)ω) ∈
∏ωMkn(C), and
q := pJωpJω. Then by [AH12, Corollaries 3.27 and 3.28], (q(
∏ω
Mkn(C))q, qKω, Jω|qKω , qP
♮
ω)
can be regarded as a standard representation of M˜ = (Mkn(C), ϕn)
ω . Recall also that the
natural cone P♮n can be also regarded as the one constructed from the GNS representation
of the trace trkn , we see that P
♮
n satisfies conditon (2) for each n. Then P
♮
ω also satisfies
condition (2): let ε > 0,m ∈ N and ξ1 = (ξ1,n)ω, · · · , ξm = (ξm,n)ω ∈ P
♮
ω be given, where
ξi,n ∈ P
♮
n (1 ≤ i ≤ m,n ∈ N). Then we have
〈ξi, ξj〉 = lim
n→ω
〈ξi,n, ξj,n〉 = lim
n→ω
trkn(ξi,nξj,n) (1 ≤ i, j ≤ m),
so that
J := {n ∈ N; |〈ξi, ξj〉 − trkn(ξi,nξj,n)| < ε, 1 ≤ i, j ≤ m} ∈ ω.
Choose n0 ∈ J , and put ηi := ξi,n0 (1 ≤ i ≤ m). Then the inequality in (2) is satisfied. But as
q(P♮ω) ⊂ P
♮
ω, q(P
♮
ω) also satisfies (2). Furthermore, i(M) ⊂ M˜ and we have a normal faithful
conditional expectation ε : M˜ → i(M). Thus choosing ψ ∈ Snf(i(M)) and letting ψ˜ := ψ ◦ ε,
we obtain
P♮M
∼= P
♮
i(M) = ∆
1
4
ψi(M)+ξψ ⊂ P
♮
M˜
= ∆
1
4
ψ˜
M˜+ξψ˜
∼= q(P♮ω).
Here, ∼= means that the one natural cone is mapped to the other by a unitary implementing
the isomorphism of a standard form. Therefore P♮M satisfies condition (2).
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(2)⇒(1) Assume M satisfies (2). Let {ξn}
∞
n=1 ⊂ P
♮
M be a dense sequence. Using condition (2),
for each n ∈ N, choose kn ∈ N and a
(n)
1 , · · · , a
(n)
n ∈Mkn(C)+ such that
|〈ξi, ξj〉 − trkn(a
(n)
i a
(n)
j )| <
1
n
, 1 ≤ i, j ≤ n.
Put
ξi :=
{
a
(n)
i ξtrkn ∈ P
♮
n := P
♮
Mkn (C)
(n ≥ i)
0 (n < i)
,
and ξ˜i := (ξ
(n)
i )ω ∈ P
♮
ω := (P
♮
n)ω . Then
〈ξ˜i, ξ˜j〉 = lim
n→ω
〈ξ
(n)
i , ξ
(n)
j 〉 = 〈ξi, ξj〉, i, j ∈ N.
Fix one ϕ ∈ Snf(M). Then on the dense subspace K0 := span{ξi; i ≥ 1} of L
2(M,ϕ), define
ρ0 : K0 → Hω by
ρ0
 k∑
j=1
λij ξij
 := k∑
j=1
λij ξ˜ij , λij ∈ C (1 ≤ i ≤ k).
Then ρ0 is uniquely extended to a linear isometry ρ : L
2(M,ϕ) → Hω such that ρ(P
♮
M ) ⊂ P
♮
ω.
Since M˜ :=
∏ω
Mkn(C) has QWEP with natural cone P
♮
ω, M has QWEP thanks to Lemma
4.7.
As a corollary to Theorems 3.4, 4.2 and 4.5, we have the following:
Theorem 4.11. Let H be a separable infinite-dimensional Hilbert space, and let 0 < λ < 1.
The following conditions are equivalent:
(a) Finj is dense in vN(H).
(b) For any N ∈ vN(H), there is an embedding i : N → Rω∞ and a normal faithful condi-
tional expectation ε : Rω∞ → i(N).
(c) For any N ∈ vN(H), there is an embedding i : N → Rωλ and a normal faithful condi-
tional expectation ε : Rωλ → i(N).
(d) For any N ∈ FII1 , there is an embedding i : N → R
ω.
(e) Every N ∈ vN(H) has QWEP.
(f) For any N ∈ vN(H), there is {nk}
∞
k=1 ⊂ N, a sequence ϕk ∈ Snf(Mnk(C)) such that N
admits an embedding i : N → (Mnk(C), ϕk)
ω and a normal faithful conditional expectation
ε : (Mnk(C), ϕk)
ω → i(N).
(g) For any N ∈ vN(H), ε > 0, n ∈ N and ξ1, · · · , ξn ∈ P
♮
N , there exist k ∈ N and
a1, · · · , an ∈Mk(C)+ such that
|〈ξi, ξj〉 − trk(aiaj)| < ε (1 ≤ i, j ≤ n)
holds, where P♮N is the natural cone in the standard form of N .
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